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® Motivation
— The proton radius and more

= Lattice Setup
— Form factor extraction
— Twisted mass ensembles used
— Lattice spacing determination
— Excited state effects

® Results

— Electric, magnetic, Dirac and Pauli form factors
— Associated radii
— Comparison with other discretizations

® Qutlook
— Noise reduction techniques

= Summary
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Motivation

* Nucleon EM form-factors (FFs): insight on internal structure of
the proton and neutron

— Slope of FFs at Q% = 0 defines radius
— Contact to perturbative QCD at large Q°

® Timely, due to proton "radius puzzle”

[} en Lamb shif . . .
Bonscaneig — Discrepancy in experiments when

0.92 ®  Electron scattering
] @ Muonic Hydrogen Lamb shift

comparing muonic hydrogen Lamb shift
to hydrogen Lamb shift and electron
scattering

0.84 . . — ~2% accuracy lattice measurement

1995 2000 2005 2010 2015 could give a QCD prediction of radius
Year of publication
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Decomposition

— Dirac (F1) and Pauli (F2) FFs :

NG ING5) = | s 050" ulp.)

09"

O" = 7uF1(9") + 2My Fa2(q%), q=p —p

— Alternatively, the Electric (Gg) and (Gum) Sachs form factors:

2

Ge(@®) = F1(4°) + =o—=Fa(®), Gu(q®) = F1(g®) + F2(q%)

(2MN)2
— Radii defined as slope at Q% = 0:
2 6 dFi A 2 2
(ri) = *f@b?:o similarly for (rg), (ri)
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Lattice Setup

i“ (fil ti)
(% i) 5
AN (fwt-‘?)/‘—%“‘\ xN(%s, ts)

\—@—/XN (%o, x0) /)%N (%o, x0)

— The three point correlation function
GH(Tsqsts, ) = Y e P e PP (8 (s ) | (s 1) xR (x05 o)

obtained with a sequential inversion through the sink (x;)
— Two sequential inversions:

> Unpolarized I'o = § (1+70) — G > Polarized I' = 3=, il — Gu
— lIsovector and isoscalar combinations

> PPt =F _F? assuming flavor SU(2) isospin symmetry, i.e.

> P+ = L(F+ ) p <> 1 when u < d

— Fixed sink momentum p’=0
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Lattice Setup

Ne=2+1+1

— B =1.95,
my ~ 375 MeV

Experiment 0 a-0.093 fm, N=2+1+1 > 4~ 0.082 fm

2=0.089 fm, N¢ =2 O a=0.082 fm, Ny=2+1+1 > 323 x 64

a=0.070fm,Ng=2 & a=0.064 fm, Ny =2+1+1 > Multiple sink separations:
=0.091fm, Ne=2, —— O(p?) fit to Ny=2+1+1 and Ny=2
w/ Clover i ' (ts — to)/a=4, 6, 8, 10, 12,
14, 16, 18

= 2.1, my >~ 210 MeV
a~ 0.065 fm
48 x 96

Single sink separation:
(ts — to)/a=18

. Nf=2
.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 — B =21, csw = 1.57551,
m?[ [GeVz] My >~ 135 MeV
> 2~ 0.091 fm
> 48% x 96
» Four sink separations:
(ts — to)/a=10, 12, 14, 16
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Lattice Setup

Lattice spacing determined from nucleon mass

— O(p?) form:
14 ¥°)
32 .
13 L . my = my — deym? — S ms
° 167f2
1.2 5% - 4
. . 0 .
= 1) i . B=1.90, L/a= 32, L= 3.0fm —— | — Fit for: cq, my and spacings
& %g 90, L/a= 24, L= 2.2fm —@— ph s
<] = B=1.90, L/a= 20, L= 1.9fm — Demand my to reproduce mk™
Ez 1.0 - B=1.95, L/a= 32, L= 2.6fm —&— N
sl ¥ D e = | — Systematic error from:
p=2.10, L/a= 32, L= 2.1fm —&—
B=2.10, CSW=1.57551, L/a= 48, L= 4.5fm —¥—i > N.ext order HBXPT
0.80 0‘05 0‘1 0‘15 0‘2 0.25 »> Pion mass range
: . : ’ ’ > Allow O(m? ) coefficient to vary
m? [GeVY]

— Spacings determined via the nucleon mass
> 3 =[1.90, 1.95, 2.10], a = [0.0936(13)(32), 0.0823(11)(35), 0.0646(7)(25)] fm
> 3 =210, cs = 1.57551, a = 0.091(2)(1) fm
> ro =~ 0.479(4) fm ata =0
> o-term from O(p®): oy = 65(2)(20) MeV
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Form factor extraction

-6 -4 -2 0 2 4 6 6 8 10 12 14 16
(ti~ts/2)/a (ti~ts/2)/a

— Plateau method

R}‘\/A(ti, t57 k2) ts—1> GA\//I(kQ)[l‘I»O(EfAM(fsft,')’e*AE(k)(f,*[o)}

ti—tg>
— Summation method
D7 Rt 15 k) 225 CHGH () [140(e ™ AM(10) gm AR (o))
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Disconnected contributions to isoscalar

— Nfg=2-+1+1, a~0.085 fm, m, ~375 MeV
— ~150,000 statistics

0.04, 0.03
0.03 0.02
0.02, l
e T s
ol iy
"5 0.00 7 | % 0.00 L1
i SN
2z 00 : %3 -0.01 l} Y
-0.02 - .
t,=8a _ ts=8a
-0.03/ & t-10a 0.021 & oa
@ t=12a @ t=12a
— 4. — 3
00— 4 =2 0 2 4 6 0085~ 4 =z 0 z 4 &
(ti-ts/2)/a (ti-ts/2)/a

— Connected contribution O(1) = disconnected bound to ~1%
— Details by A. Vaquero
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Dependence on source-sink separation

1.2
ts [fm]
1.0 12
14
0.8 m
SN
o6
S — Ng=2+1+1,a~0.085 fm,
0.4 My ~375 MeV
0.2 - .
. 1,200 StatIS.tICS .
0 02 04 06 08 10 1z 14 16 — 10 source-sink separations (6
0* [Gev?] shown here)
5, . .
o tm] — Mild de_pendence on source-sink
4 I separ.atlon .
53 HEVEER — Consistency between summation
%, and t; — fop > 1.2 fm (at least for
© this pion mass)
1
80 0z 04 06 08 To 1z T4 16

0® [Gev]
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Dependence on source-sink separation

— Nf=2+4+1+41, a~0.085 fm,

My =375 MeV
— 1,200 statistics
00 02 04 06 08 1.0 1.2 14 16 — 10 source-sink separations (6
0’ [GeV?] shown here)
:(5) Gl — Mild de_pendence on source-sink
3.0 8 07 @ 14 separation
522 HEr R — Consistency between summation

and t; — fop > 1.2 fm (at least for
this pion mass)

‘0.0 02 04 06 08 1.0 12 14 16
0® [Gev]
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Dependence on source-sink separation

0.28 0.50,

0.26 ] 045 '}
>N 8 {
£024 { £ 040 ;
%022 s L %035 ¢
x E .

0.20 0.30

| ]
a
018—35 67 09 10 1z 14 sm 025 =507 09 10 12z 14 sm
ts=to [fm] ts=to [fm]

— Nf=2+4+1+1, a~0.085 fm,

3.6

My ~375 MeV
34 — 1,200 statistics, 10 source-sink
s 3.2 { separations
7 0 } — From dipole fit:
2.8 : 4 L
2 FUQ) = oo
2.4 (1+Q?/M3)? 5 12
05 07 09 1.0 1.2 1.4 sm ) = —=
to-to [fm] 5 F2(0) M?
FQ(Q ): 1+Q2 M2 2
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Results at the physical point

— Nf =2, a~0.091 fm, m, ~135 MeV
— ~1,000 statistics for t; — to = 1.1 and 1.3 fm, ~300 for 0.9 fm

35
3.0
2.5K.

0'8.0 01 02 03 04 05 06 0.7 0.8 0. 0‘8.0 01 02 03 04 05 06 0.7 0.8 0.
0’ [GeVY 0 [GevY

08507 0z 03 04 05 06 07 08 0< 8501 0z 03 02 05 06 07 08 0¢
0’ [Geva] 0’ [GevY




Gg and Gy from Twisted

0.8 ¢

0.0 02

on
.

B Ne2e1e1,

=375 MeV, t.=1.4 fm

@ N;=2+1+1,m;=210 MeV, t:=1.2 fm
@ N;=2,m;=135 MeV, ;=13 fm

oy ¢+

AT

0.4

06 0.8

1.0
Q°[GevY

1.2 1.

0
&10

0.15

0.20
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0.25 0.30 0.35 0.40
my [GeV]

Mass
53 B Ni=2+1+1,m;=375 MeV, t,=1.4 fm.
3.0| [} ® Np=2+1+1,m,=210 MeV, t,=1.2 fim
@ N;=2,m,=135 MeV, t,;=1.3 fm
2.5 f # 4 ; "
@240 ? ?ﬂ i
== 1.5 + *
S ? 4 +
1.0 + + : ; %
0.5
9850z 0z 08 08 10 1z
Q[GevY

— ts—tp > 1.2 fm

— Tendency for steeper G and Gy as

My — 135 MeV = larger radii

1.4
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Comparison with other formulations

12 Clover, N =2+1,
B o149 Mev, t,-1.4 fm
1.0 ™ Clover, Ny =2,
!g ® o, <135 MeV, £, 1.
- 0.8 ]
0.6 §§4 L i H i
>
“ 04 g !
0.2
0'8.0 01 02 03 04 05 06 07 0.
0 [Gev]
12 Clover, N;=2+1,
B =139 Mev, (=14 fm
1.0 TM+Clover, Ny =2,
» &, -135 MeV, 13 fm
08 Wy
0.6 L) TP
“ 04 TR L ' g {
0.2
0

0.0 01 02 03 04 05 06 0.7 08

0’ [Geva

3]

Clover, N; =21,

B -149 Mev, t,-1.4 fm
4 TM+Clover, N; =2,

® 1, -135 MeV, 1,413 fm

Q° [GevY

LHPC arXiv:1404.4029

i
] % %g% i
]
8.0 0.2 0.4 0.6 0.8 1.0

Clover improved, a = 0.116 fm

M, = 149 MeV

Consistency between the two

discretizations
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Comparison with other formulations

1.0,
4 TM N;=2,t,=0.9-1.3 fm
O M Ng= fm
0.8 * ™MN 1t =0.5-1.4 fm
5 W Clover, Ny =2+1,t;=0.9-1.4 fm
g 0.6 : W Clover, N =2+1,t,=0.9-1.4 fm
>“"E 0.4 % .
= B Q L) ©, — Confirmed curvature towards
0.2]

physical pion mass
%10 015 020 025 030 035 o040 — [ncreasing trend for enlarging

10 my [GeV] source-sink separation at near
! g m:wz,aﬂ:»:}lﬁfm physical pion masses
SUERRT

0.8 & N2 05 L — Need ~1% error to contact
5 W Clover, Ny =2+1,t;=0.9-1.4 fm . B
£ 0.6 % B CloverNi-2+1,1,20.9-1.4fm experiment, or a multiple-fold
04 *ﬂ‘ increase in statistics.
= &
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Outlook

— Nucleon mass for m, ~ 210 MeV

— 250 configs. x 80 low-precision per
config.

— With EigCG, low-precision ~10x
cheaper

10 *

Fit N

r=0.9994

— 1=0.0626763
A=-0512174

o200+
=0.0626745

107

Relative Error: aM§t ()

0.345,

¥ caa
* L
& H

0.340 I

0.335 Wﬂwﬂq

§~2,0330 ﬁ Wﬁm

H

<

0.325

0.320

5
03153520 30 40 50 €0 70

If » ~ 1 scale as 2(177’)+ﬁ
b

Reasonable scaling with low-precision
vectors

Low precision tuned for r ~0.99
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Summary

= Excited state effects

— EigCG or similar multipl-rhs methods allow multiple source-sink separations
per configuration

— Summation method useful for assessing excited state contamination

— Consistency with plateau at t; > 1.3 fm

® Results now at the physical point
— Slope of form factors towards right direction
— Broader nuclei towards physical point
— Consistency between Twisted Mass and Clover at similar volumes and near
physical pion mass

® Towards precision form factors and radii
— Disconnected diagrams are now possible to bound, if not compute directly
— As expected, physical point is especially noisy
— Compare 375 MeV with 1,200 statistics with 135 MeV with 1,000 statistics
— Still need multiple increases in statistics to compare with experiment
— Methods for noise reduction being investigated, such as CAA with EigCG
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